Abstract: We show that if M = Ad(K)a is an extrinsic symmetric isotropy orbit associated to the non-compact symmetric space G/K, then the gradient lines of height functions on M are orbits of one-parameter subgroups of G. The same result holds for height functions on an arbitrary isotropy orbit M , provided that the gradient vector field is considered with respect to an appropriate metric on M , which is also described in the paper.
Let G be a non-compact, semisimple Lie group and K ⊂ G a maximal compact subgroup. Consider their Lie algebras g and k, and the corresponding Cartan decomposition g = k ⊕ p.
A natural inner product is induced on g by its Killing form B, as follows: , = −B on k and , = B on p. A maximal abelian subspace a ⊂ p gives rise to the mutually commuting, selfadjoint endomorphisms ad(x) of g, x ∈ a. In turn, they induce the common eigenspace decomposition
where g 0 is the centralizer of a in g, g α := {z ∈ g : [x, z] = α(x)z, ∀x ∈ a} and R ⊂ a * the set of nonzero roots. Since [k, p] ⊂ p, it follows that AdK leaves p invariant and induces the isotropy representation of G/K. Consider the isotropy orbit M = Ad(K)a of an arbitrary element a ∈ a with |a| = 1. It is an imbedded submanifold of the Euclidean space (p, , ). Such spaces occur frequently in geometry: real and complex Grassmannians and flag manifolds belong to this class. By a result of Ferus [4] (see also Eschenburg-Heintze [1] ), the extrinsic symmetric imbeddings are exactly those of the form M = Ad(K)a ⊂ p described above where a satisfies α(a) ∈ {−1, 0, 1}, for all α ∈ R.
The goal of this note is to describe the "flow lines" on M: by definition, they are the gradient lines of the height function h(x) = q, x on M, with q ∈ p, or, more explicitely, the integral curves of the gradient vector field ∇h. The latter is given by
where π x is the orthogonal projection of p onto T x M. Let us note first that M = K/C where C = {k ∈ K : Ad(k)a = a} is the stabilizer of a. The Lie algebra of C is c, the commutator of a in k.
Besides the obvious action of K, M also admits an action of G. In order to understand it, we set
The closed subgroup H = {g ∈ G : Ad(g)a ∈ a + n} of G has the property that its Lie algebra is h. We claim that K/C = G/H. Indeed, K acts transitively on G/H. First, the K-orbit of eH is open, since k + h = g: take z ∈ g α , where α(a) > 0, decompose it as z = x + y, with x ∈ p and y ∈ k and notice thatz := −x + y is in g −α ⊂ h. But since K is compact, the same orbit is also closed in G/H, so it coincides with G/H.
We obtained the following three presentations of M:
where both arrows are K-invariant diffeomorphisms with respect to the obvious actions of K. Our main result concerns the case when M is extrinsic symmetric:
Theorem If M = Ad(K)a ⊂ p is extrinsic symmetric, then every gradient line of the height function h(x) = q, x is an orbit of the one-parameter subgroup e −tq of G, i.e. it is of the form
PROOF Denote by R(g) and L(g) the right, respectively left translations on G induced by an arbitrary g ∈ G. We have to show that the gradient ∇h can be expressed as follows:
for any k ∈ K, where π : G → G/H denotes the canonical projection. After applying Ad(k −1 ), respectively dL(k −1 ) on the two sides of (2), the left hand side becomes
whereas the right hand side is
Hence we see that everything reduces to the following equality:
for any v ∈ p. Note that the left hand side lives in T a M = [k, a], whereas the right hand side is in g/h: in fact, the K-equivariant diffeomorphisms (1) induce the linear isomorphisms
w ∈ k. Now, coming back to (5), we may assume that v is a tangential vector to M at a: this is because the normal space, c, is contained in h, and consequently mapped to zero by dπ. We need to find w ∈ k such that w ≡ v mod h.
To this end we consider the decomposition
where p α := p ∩ (g α + g −α ) and the ordering of the roots is chosen such that α(a) ≥ 0, for any α ∈ R + . So v can be written as:
where z α ∈ g α is of the form z α = x α + y α with x α ∈ p α , y α ∈ k and
, only α with the property that α(a) = 0 (actually α(a) > 0) can occur in the sum from above. We have
So the linear isomorphisms (6) maps v mod h to w mod c and then the latter to
because α(a) = 1, whenever α(a) > 0. Remarks 1. It is possible to obtain a similar result for an arbitrary isotropy orbit M = Ad(K)a, but then we have to change the metric on it. More precisely, we will show that there exists a K-invariant inner product , ′ on p such that the flow lines of the (old) function h(x) = x, q with respect to the (new) metric induced on M by , ′ are again of the type x(t) = e −tq x(0), t ∈ R. If ∇ ′ h denotes the gradient of h with respect to , ′ , then we must have
at any point Ad(k)a ∈ M. By the methods exposed above in the proof of the theorem, one can see immediately that what we need is
for any v, w ∈ T a M = α(a)>0 p α . Equivalently, we have
for any x α ∈ p α and x β ∈ p β , α(a) > 0, β(a) > 0. In conclusion, the Ad(K)-invariant inner product , ′ on p is given by:
2. Let us consider now K a compact Lie group with a biinvariant metric, a an arbitrary element of the Lie algebra k, and M = Ad(K)a ⊂ k. Without loss of generality we may assume that |a| = 1 and a is leaving in the Lie algebra t of the maximal torus T ⊂ K. We are interested in the gradient lines of the the height function h(x) = x, q , where q ∈ k. We can use the considerations from above by regarding K as a maximal compact subgroup of its complexification G = K c , with the Cartan decomposition g = k + ik. As before, we identify M with the quotient G/H where H is this time a parabolic subgroup of G. One can show that if M ⊂ k is extrinsic symmetric, (i.e. α(a) ∈ {−1, 0, 1} for any root α) then any gradient line x(t) of h is of the form x(t) = e itq x(0).
This can be shown by following the lines exposed in the proof of the Theorem: the roots are now linear functions α on t with the property that the space
is non-zero. This time, by the chain (6) of isomorphisms, to v ∈ T a M = [k, a] corresponds iv modulo h. For we can write like before v = α(a)>0 z α + z α , with z α ∈ g α and z α ∈ g −α . But now we have to take iv = α(a)>0 iz α + iz α , notice that modulo h this is the same as α(a)>0 iz α − iz α := w, and finally take into account that
The next question is how do we have to change the biinvariant metric on an arbitrary adjoint orbit M in order to get a similar description of the gradient flow. The root space decomposition of k is k = t + α∈R + k α , where k α = k∩(g α +g −α ). According to the first remark from above, the new metric , ′ is determined by
for any roots α, β with α(a) > 0 and β(a) > 0. It turns out that this metric is just the natural Kähler metric on M. This fact -as well as some other interesting things concerning the Morse theory of height functions on flag manifolds -has been pointed out in the Appendix of Guest-Ohnita [2] (see also Ch. 4 of Guest [3] ). Let us prove the latter assertion: Fix a root α with α(a) > 0. Choose z α ∈ g α nonzero and take z α ∈ g −α . Then z α + z α and i(z α − z α ) are a basis of k α . The complex structure J restricted to k α is determined by J(z α + z α ) = i(z α − z α ) and J(i(z α − z α )) = −(z α + z α ). For any y ∈ k, we denote by y 
